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Abstract

Results from direct numerical simulation (DNS) of Re 390 channel flow subjected to the strain and deceleration typical of
adverse pressure gradients (APGSs), to the point of skin-friction reversal, are the reference for comparing four simple turbulence
models. The statistics satisfy a one-dimensional unsteady problem and contain many of the physical complications associated
with APGs, thus allowing a straightforward but nontrivial assessment of the models for APG flows, with rigorously defined
boundary and initial conditions and an acceptable Reynolds humber. We find the model accuracy varies significantly, with the
Spalart—Allmaras and Menter SST schemes giving the best overall agreement with DNS. The other two models tested (Baldwin—
Lomax and Launder—Sharma) deviate from the DNS, in terms of skin friction, much the same way they do in actual spatially
developing APG boundary layers. This supports the relevance of the strained-channel idealisation. The DNS results are used to
examine fundamental assumptions of the four models, casting light on the relative strengths and weaknesses of each.

0 2003 Elsevier SAS. All rights reserved.

1. Introduction

The purpose of this study is to compare the predictions of a few popular aerospace turbulence models with results from
a recent direct numerical simulation (DNS) of an idealised adverse-pressure-gradient (APG) boundary layer [1,2]. The DNS
captures most of the features induced by an APG, and does so in an efficient manner, using an uncomplicated plane-flow
geometry with no uncertainty on boundary conditions. The results can also provide insight into the relationship between model
performance and APG features that alesentfrom the DNS (such as streamline curvature and detached shear layers), when
the idealised-APG predictions are contrasted to previous modeling studies that used actual APG boundary layer data (e.g., [3]).
We show below that the DNS represents a non-trivial challenge for the models, and causes them to behave qualitatively as they
do in actual APG boundary layers. We thus expect the DNS to be a useful benchmark for model testing and development. In
addition, the availability of full Reynolds-stress budgets provides suggestions regarding separate terms, as opposed to mere
measurements of the whole-model performance.

2. Approach
2.1. DNS

The DNS emulates a spatially developing low-Mach-number APG boundary layer by simultaneously applying in-plane wall
motion and straining the domain of an incompressible turbulent channel flow (Fig. 1). The in-plane wall motion duplicates
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Fig. 1. Side view of 2D APG boundary layer. (a) Spatially developing flow. (b) Initial and deformed domain of time-developing strained-channel
idealisation.

the bulk deceleration of the APG, which reduces the wall shear stress, by causing the difference between the mean centerline
velocity Uc and wall velocityUy to decrease. The strain supplies the irrotational plane-strain (streamwise compression with
wall-normal divergence) associated with the APG. Deceleration and strain are matched in a plausible sense (see [2] and
below). Spatial changes are thus replaced with temporal ones, as the channel turbulence is subjected to the deformation history
experienced by boundary-layer fluid in the spatial case (Figs. 1 and 2(a)). The imposed straip; fieldiU; /dx ; is spatially

uniform and steps from zero to a constant value &t0, so thatlU; = A;;jx; anddA;;/dt = 0. The components of;; are
associated with a two-dimensional APG, the only nonzero values being the streamwise decelaratiodU/dx < 0 and
wall-normal divergencel,> =9V /dy > 0, with A11 = —A». (Other deformations involving spanwise skewing are discussed

in [4].) The wall motionUw(¢) is specified such that, when viewed in the reference frame attached to the moving walls, the
centerline velocity satisfieBc(¢)/Uc(0) = exp(A11t), and thus decreases in time at the rate set by the uniform deceleration,
A11<0.

This approach has the advantage of producing the desired perturbation in an uncomplicated parallel-flow geometry (see [4]
for further details). Since the Reynolds-averaged statistics from the DNS satisfy a one-dimensional unsteady problem, model
testing can be done quickly and efficiently, even for models much more complex than the present ones. The features of APG
boundary layers captured are the divergence of the outerllapeamlines and the weakening (and possible reversal) of the
mean wall-shear stresg,. Missing are streamline curvature and, if the flow separates, the detached/curved shear layers that
result from the eruption of the near-wall vorticity. Here, the reversed-flow layer remains very thin.

The DNS is generated by the spectral method described in [4], applied to the case of a relatively weak APG, with
Ao = —A11 chosen to be 31% af;(0)/k(0), the ratio of the initial friction velocity to the initial channel half-width. The
corresponding effective Clauser pressure-gradient paranigfies —5*UCA11/u$ is initially 0.78; §* is the displacement
thickness in a half-channel. The Reynolds numbef Rea:; /v of the initial channel flow is 390, which is large enough
(roughly four times that needed to sustain turbulence) to produce a well-defined logarithmic layer. The initial Reynolds number
based on mean centerline velocity iscRe Uch/v = 7910, while the momentum-thickness and bulk Reynolds numbers are
respectively Rg= Uc0/v =703 and Rg, = 2hUm/v = 13770 @ is the half-channel momentum thickness, @i the bulk,
wall-to-wall, average velocity.) Mean results have been gathered by averaging over the homogeneous/periodic streamwise and
spanwise directions andz (Fig. 1(b)), doubling the sample by ‘folding’ about the centerline (invoking symmetry), and this
for 21 statistically independent realizations. These were obtained by initiating the strain on the instantaneous fields from 21
distinct times of a preliminary unstrained channel computation. At this Reynolds number, 256 streamwise, 193 wall-normal
and 192 spanwise equivalent grid points are required for the Fourier/Chebyshev spectral discretization to capture the full range
of turbulent scales [2]. The DNS was performed on Cray T90s at the SCSC/NPACI and DOD/NAVO centers. A total of 2100
single-processor CPU hours was required to obtain the 21-field ensembles fapg < 0.365.

For the present study, the DNS results are the reference data to evaluate the accuracy of selected models, by comparing
first- and second-order Reynolds-averaged statistics (Fig. 2). The curves in Fig. 2 represent the DNS data from the 21-field
ensemble average, dbot =0, 0.19 and 0365; the symbols in Fig. 2(a) and (b) are from a single realization {i-e.plane
average and doubling) atyor = 0.77, a time after which a small near-wall reverse-flow region forms. (Second-order statistics
for Apot = 0.77 are not shown, since they contain large unphysical statistical oscillations due to the incomplete single-field

1 ‘Outer layer’ in this context indicates both the wake region of a boundary layer and the ‘core’ of the channel.
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Fig. 2. DNS profiles of (a) mean velocity, (b), (c) timescale ratios, (d) kinetic energy and (e) Reynolds shear strelsgr =0; ---,
Agot =0.19; ---, Axot = 0.365; ¢, Apor = 0.77 (single realization). The distance to the nearest wak= |y — k|.

sample. The cost of extending the full 21-field average up4gr = 0.77, by advancing each of the other 20 DNS realizations
from Aot = 0.365 to Q77, would have been of the order of another 2000 T90 CPU hours, which we were unable to justify.)
Many features of APG boundary layers [5,6] are observed in the present flow. These include the increase of layer thickness
and reduction of bulk mass flow and wall shear stress, seen in the mean velocity evolution (Fig. 2(a)). The shape factor
increases fronH{ = 1.45 atAyyr =0to H = 1.70 at Aot = 0.365 andH = 2.50 atAoor = 0.77 (just after the skin friction
has changed sign; cf. Fig. 10). The latter value is close toHle 2.7 found at separation by Alving and Fernholz [7] in
their axisymmetric-body separation-bubble experiment. The effective Clauser pressure-gradient p@ggnireteezases from
—8*U0A11/u§ =0.78 atAor =0, to 57 at Aopt = 0.365, and then infinity. We are thus far from a constariequilibrium’
regime, for which one could expect similarity of the outer-layer mean-velocity defect [8].
We are also well away from the rapid-distortion regime. Fig. 2(b) shows the relative importance of the applied strain,
compared to the mean shead/dy at each wall-normal locationy: A2 is at least an order of magnitude smaller th@iy/ 9y |
over the entire channel (except near the centerline, wéeréy — 0) for all times considered, including just after the wall-
shear stress has changed sign. On the other hand, Fig. 2(c) shows that the timescale defined by the mean shear is everywhere
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Fig. 3. Terms in turbulence kinetic enerdy budget atAot = 0.365: ——, mean-shear productioﬁ’,f = —W%; — — —, dissipa-
tion & = —R%Wu;%; ---, turbulent transportf; = —%(%v’u;u;); —..—, viscous diffusionD;, = R%B"?(%ugu;); ..., velocity pres-
o o

sure-gradient correlatiofl;, = —(u; T ); o, applied-strain productionYkA =—u — v/v/)A11 (also shown in inset with expanded vertical
scale); thick-solid curve-), sum of all terms# dk/dt) at Aoor = 0.365 (also shown in inset). Thin-solid (—) curves denote terms-a0
(before strain) and are identified by the shaded regions, which indicate change from unstrained initial conditions. Curves norrﬁéé};zed by
whereUyet = 1.02u+ (0) and Re= Utk (0)/v = 400.
of the same order as the ‘eddy turn-over’ tim%/e (wherek = %u;u; = %qz is the turbulence kinetic energy aadts rate
of dissipation). The magnitude of the applied strain is thus not large enough, atyang overwhelm the nonlinear ‘self-
interaction’ processes of the turbulence. This hints at the challenge the present flow provides for one-point closures, since it will
for example exercise both the ‘rapid’ and ‘slow’ terms in Reynolds-stress transport models.

Other APG characteristics that are duplicated are the near-wall reduction, and outer-layer increase [5], in turbulence intensity,
illustrated by the Reynolds shear stress'v’ and turbulence kinetic energy(Figs. 2(d) and (e)). The effect of the applied
strain upon the individual terms in the energy budget is shown in Fig. 3. The near-wall kinetic energy decrease observed in
Fig. 2(d) is accompanied by large decreases in both mean-shear produgtigii/3y and dissipatior, with the production
falling most rapidly, leading to a negative imbalance (see expanded-scale inset in Fig. 3). The net @o&itiia the outer
layer can be traced directly to the applied-strain production’s’ — v/v/)A11 (denoted by the open symbols in Fig. 3). We
examine below the ability of two two-equation models to duplicate the strain-induced behaviour of the production, dissipation
and diffusion terms in the turbulence kinetic energy budget.

2.2. Turbulence models

Four models are tested. They include the Baldwin—Lomax (BL) algebraic model [9,10], the Spalart—Allmaras (SA) one-
equation eddy-viscosity transport model [11,12,10], the Launder—Sharma (LS) low-Reynolds-rwnbeodel [13,12,10],
and the Menter Shear-Stress Transport (SST) model [14,12]. These were chosen for their current or historical relevance to
aerospace CFD applications (other closures, such as the Johnson—King half-equation [15] scheme and various versions of the
Wilcox k—w [16,10] andk—e [17,18] models will also be briefly considered).

The BL (1978) model is a generalisation of the Cebeci—Smith (CS) [19] two-layer mixing-length closure; it was developed
to circumvent difficulties associated with computing integral boundary-layer quantities in the CS outer-layer model (edge
velocity Ue and displacement thicknes€) in complex flows. This was done by using the mean vorticity profile to define
the boundary-layer thickness, and by replacing &ké* product by a wake functiof,gke Which depends on the product
of the mixing length and the vorticity. BL has received widespread use in the aerospace community, due to its elegance and
simplicity, and presumably the priority its creators placed on meeting the needs of the user. It is widely known to give imperfect
results for complex flows, especially with regard to separation [10].

The SA (1994) model, based on an empirical transport equation for eddy visepsityd prompted by the work of Baldwin
and Barth [20], has also been heavily influenced by the perceived needs of the user, who is assumed to be primarily concerned
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with aerodynamic flows. Thet equation was thus tuned to the behaviour of 2D mixing layers and wakes, and 2D flat-plate
boundary layers at high and finite Reynolds numbers. The transported dependent variable, which redufzgdram walls,

has the important property of being no more difficult to resolve than the mean velocity in the viscous and inertial sublayers.
These ‘aerospace-CFD-user-friendly’ features, coupled with the fact that a one-equation model is the simplest possible complete
closure (i.e., one whose logic or constants does not change from flow to flow), have lead to the widespread use of SA throughout
the CFD community. It is subject to the limitations inherent in all eddy-viscosity schemes (e.qg., the formal inconsistency that,
in reality, the principal axes of the Reynolds-stress and mean-strain-rate tensors are not aligned), and has not performed well
for plane and round jet flows [10]. Some observers also perceive difficulties for complex geometries associated with specifying
the distance to the nearest wall, which affects the destruction term and the near-wall modification of the production term [21].

The LS (1974) two-equatioki< model is often viewed as the industrial standard CFD closure. It is noteworthy for its use of
near-wall damping functions to alter the standefd- k2/s profile in the viscous/buffer layers and to remove the singularity in
the e equation [22,10]. As a consequence of the damping, the scheme suffers from numerical stiffness in the near-wall region.
Despite its popularity, it has a number of problems, including predicting late (or nonexistent) separation [12].

The SST (1994) model is a two-equatibre / k—w hybrid cast in the form of &—» scheme. Menter’s motivation was to
improve performance for APG and separated boundary layers, and to remove the spurious sensitivity to freestream boundary
conditions of thek—w model. It addresses the former by using an eddy-viscosity limiter, even thoughdh®odel is already
superior to th&k—e model in that respect. The latter is done by blendirg andk— such thatt—w is in effect near the walls
(thereby avoiding difficulties with near-wall singularities and damping-functions ir thguation), while in the outer region
k—e (which does not suffer from the freestream boundary condition sensitivity) comes into effect. The SST closure has also
become quite popular in aerospace CFD. However, in addition to the inherent eddy-viscosity limitation mentioned above, SST
also leaves room for improvement in its predictions of wake flows [12].

Numerical solutions were produced with each model for the mean streamwise valocity under the unsteady parallel-
flow conditions of the strained channel. The governing and modeling equations are most straightforward when written in terms
of new independent variablés, 1), wheren(y, t) = exp(—Aot)y = b(t)y andA(y, t) = t. In these ‘deforming coordinates’

(see [4] and Appendix), the mean streamwise momentum equation is

ou ad ou —

— =—Aqu+b(A)—|vb(A)— —u'v’ 1

Ty 11 + ()3n[v()3n uv], (1)
subject to the boundary conditionsn, 1) = Uw(X) atn = £h(0), where

Uw(h) = Uc(h) — Uc(0) eXp(A111). 2

The wall velocity Uy (1) is dynamically adjusted in response to the current value of the mean centerline veélg€ity

which is itself affected by the strain. (In practice, where a finite-difference time-marching scheme is employed, we use an
explicit approximation to sely at the next time level.) In the reference frame attached to the moving walls this gives
Uc(M) = Uc(0)exp(A112), and thus provides the bulk deceleration appropriate for an APG. Note also that as a result of the
straining, the channel half-width increases with time as(x) = h(0) exp(A221) (while in the deformingy, A coordinates

the walls remain af = +4(0)). We invoke symmetry and solve the momentum and model equations over the half-channel
domain, yw € [0, 2(0)], and impose zero-slope boundary conditions at the centerlineard the model transport variables

(see Appendix).

Eqg. (1) and the relevant model equations are solved using a modified version of a finite-difference code (‘Pipe.f’) originally
written by Wilcox [10] for the steady-state unstrained plane channel. The original and strained-channel codes use a second-order
Crank—Nicolson discretization in (now ) and include a range of turbulence models, including some of those tested below.
(Thek—e, SST and Johnson—King models were added by the authors.)

The conversion from fixed- to strained-channel geometry requires (i) replacing the iterative relaxation-to-steady-state method
with a fixed-step time-accurate scheme, (ii) adding e terms in (1) and the model equations, (iii) multiplying all
derivatives by the time-dependent metic) = exp(—A22t), (iv) dividing the wall-normal distancey (in models that use it)
by b(¢) to account for the strain-induced stretching of the domain, and (v) prescribing the time-dependent in-plane motion of the
walls (2). (Coding of the Spalart—Allmaras solution in Pipe.f also needed correction.) Details of the four models are presented
in Appendix, showing the form they take in the deformimg2) coordinates.

We utilise 400 grid points between the wall and the channel centerline for each model, and integrate through the viscous
sublayer. A geometric grid stretching monotonically clusters the points near the wall, with the first grid.pgimifial wall
units above the wall for all four models. A fixed time step d28.x 10~2 initial wall units was found to be sufficiently small
for all but the SST run, which required125 x 103. These values of grid and time step produce grid-independent results. The
model tests were made on an 800 MHz Pentium Il PC. The 275000 steps required by the SST run to achieve negative wall
shear stress (see Fig. 10) took approximately 9 minutes. Well-defined initial conditions were obtained from the steady-state
version of the code (Pipe.f), and it was checked that the unsteady code maintained these solutions with the strain set to zero.
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3. Resaults
3.1. Unstrained plane-channel flow

Before considering the APG effects, we use the unstrained initial conditions to test how well each model is able to predict
Re; =390 (Re ~ 703, Ren ~ 13770) 2D plane-channel flow. (Wilcox did the same for another set of models in [10]; see
also Chapter 6 of Durbin and Pettersson Reif [22].) Note that each model imposes3R@, so that variations dfc/u; and
Um/ur begin to indicate the global accuracy for each model. We find that all four appronia%,tfxleﬁc2 to within 10% of the DNS

value of 000245, which corresponds ©; = rw/%,oU,% =6.47 x 1073, (This C is within 1% of that given by Halleen and

Johnston’s [23] experimental correlatiafi; = 0.0706 Rg_ql/‘l, and within 4% of the Dean relation [24], s = 0.073 Re}l/‘l.)

Results are summarised in Table 1. The corresponding modelled mean velocities are shown in Fig. 4, and compared to the DNS
results (the solid curve). Since all the models assume the samehRy must all agree at and very near the wall (Fig. 4(a)).

Away from the wall, the exaggerated wake assumed by the BL closure is responsible for its consistent under-prediction of the
(smaller-wake) channel-flow profile, which is emphasised by thrormalisation used in Fig. 4(b). (When nondimensionalised

by Um, the BL and DNS profiles match neay, = 0.5k, with the modelled:/ Um near the centerline a few percent larger than

the DNS.) This under-prediction is reflected in a slightly too-large shape fatters* /0 (compared to the DNS value of

H = 1.45) for the BL solution (Table 1). The indifferent performance of the BL model is understandable, given that it was not
designed with channel flow in mind, but rather tuned to external boundary layers. It is included here primarily because of its
very wide use. In fact the SA and SST models were also tuned in boundary layers, but their use of transport equations with
diffusion across the centerline appears to help them better adapt to the channel.

Table 1
DNS and model predictions of unstrained plane channel atR&90 (At = 0)
Case u2jU2 Um/Uc 8*/h H eff
DNS 0.00245 0.871 0.129 1.45 0.0305
BL 0.00223 0.850 0.150 1.49 0.0179
SA 0.00251 0.883 0.117 1.45 0.0399
LS 0.00220 0.881 0.119 1.48 0.0369
SST 0.00265 0.887 0.113 1.49 0.0610
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Fig. 4. DNS and model predictions of mean velocity in (a) inner and (b) outer scaliagoat=0: —, DNS;---, BL; ---, SA; —-—, LS;

—..—, SST. (SA and LS in (b) are coincident in outer layer.)
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—..—, SST;e, Nikuradse/van Driest pipe-flow mixing-length correlation [26]. Straight-line segment in (b) demotes ywu, from DNS
(usingxk = 0.41).

The SA result gives the best overall agreement witihom the DNS, when each of th€;, Um and especially the,
(Fig. 4(a)) normalisations are considered; next best is LS, which in both outer-layer scalin@sdUm) is indistinguishable
from the SA profile. Thé/c — it defect from SST is consistently a few percent too small in the outer layer.

The model representations of the Reynolds shear stre&s are all quite good (Fig. 5(a)), although the combination of the
ur scaling and the linear outer-layer profile requirechaf steady-state plane-channel solution minimises the discrepancies.
The LS—u/v’ peak is the least accurate, being too small by 2% — which is not unreasonable, especially considering that the
peak in thek profile for this model (not shown) is 32% smaller than khiieom the DNS. Michelassi et al. [25] have suggested
that the diminished peakis primarily due to the eddy-viscosity wall damping teyip; we show below that it has more to do
with the near-wall behaviour of.

The mean velocity is driven by each model's eddy viscosity (Fig. 5(b)). Although they agree closely near the wall
(especially foryy < 0.081 ~ 30v/u;; see Fig. 5(b) inset), with each other and wita’v’/(di1/dy) from the DNS, large
discrepancies occur in the outer layer. These are quantified in Table 1 in terms of an effective outer-layer Clauser coefficient
aeff = VT max/ UcS™, wherevt may is the largest for each case (which for LS and SST occurs at the channel centerline).
None of thexgss from the models is particularly close to the DNS. This was expected for BL, designed as it was to reproduce
external boundary layers and their large wakesyifg= 0.0179 is close to the standard boundary-layer value @I€B (the
difference is due to the approximation in BL 65* by the wake functionfyyake). Some of the disparity between the BL and
DNS et might also be due to low Reynolds number: when the Cebeci—SmihcBeection [19] is applied, the effective
outer-layer Clauser coefficient increases frofalg9 to 0024, which is within 22% of thees = 0.0305 from the DNS. The
slight drop in the BLvT asyw — h indicates the minimal effect the Klebenoff intermittency functiBqep has for this flow.

One could argue on physical grounds that there shoulddiatermittency effect in the channel, withikjep = 1. We have
nevertheless chosen to use the ‘off-the-shelf’ version of BL [10].

Surprisingly, other than avoiding the inner/outer-layer slope discontinuity, the one- and two-equaoedictions do
not provide much if any improvement over the algebraic model over the regjgh > 0.4. In fact, they do no better than the
empirical Nikuradse/van Driest mixing-length correlation for pipe figimdicated by the symbols in Fig. 5(b)). The SST model
(which for the unstrained channel reduces tothe closure [16], with thek—w/k— blending functionF; = 1 everywhere),
in particular differs from the DNS by as much as 100%. Comparing model results with the recent computations of Hu and
Sandham [27], we find the same general trends hold at=Re&20: the BLvT is again about 20% smaller than the DNS in the

2 le.,vr = £2)i1/0y|, wheret, = £[1 —exp(—ytT/A1)], AT = 26, andt is given by Eq. (20.18) of [26], withii/dy taken from the DNS
data.
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outer layer, SST as much as 100% too large (with its maximuwg,at #), and SA and LS fall roughly halfway between the
SST and DNS profiles.

The Nikuradse mix curve is also shown in Fig. 6, where it is compared with(tha’_zﬂ)l/z/(aﬁ/ay) ratio from the DNS.

The good agreement is a symptom of the simplicity of this steady parallel shear flow, for which a mixing-length closure
is adequate. Fig. 6 also supports the use for this flow of the standard zero-pressure-gradient van Driest damping coefficient
(Aar = 26) in the BL scheme (see dotted curve in inset). In the outer layer, the DNS results suggest that at least for the plane
channel it is slightly better to assume a consianthan a constantx (cf. Figs. 5(b) and 6).

The excess outer-layerr for SA can be remedied by altering the destruction term, which along with the production and
diffusion is plotted in Fig. 7(a) (see Appendix for definitions). Note that the channel geometry (and the form of the diffusion
term used; see Appendix), precludes the existence of any ramp/front-type behaviour that can appear in the SA solutions at a
boundary-layer/freestream interface [11]. (The nonzero destruction and diffusion near the centerline are due to the fact that at

0.2 T T T —T T - T -
/
I , |
/
I , |
/
I /
/
s o // 4
Ao 04F )/ 0.1 g
g , “
[0 | 4
/ 4
/ .
I , |
/ 4
Y, 0 K11 |
i 0 50, 100 |
yt
0 L L L L | L L L L
0 0.5 1
Yw/h

Fig. 6. Mixing-lengthtmix profiles atAzor = 0: —, (—u'v/)Y/2/(3ii/dy) from DNS; - -- kyw (k = 0.41); -, kyw(1— exp(—yw/Ag)), with
k=041 andA(J)r = 26; o, Nikuradse (Eq. (21.18) of [26]a, Nikuradse WithA(J)r = 26 van Driest damping.
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yw = h, bothdii/0y = 0 anddv/dy = 0 (so thatvt remains finite), which leads to a nonzero (but finite) value of the wall
function f,, multiplying the destruction term [11].) An improvement to the SAprediction can be obtained by accounting for
the finite width of the channel, and the dual wall-normal distances when evaluating the destruction term (which is proportional
to (vT/yW)Z). In the spirit of Fares and Schréder [21], we replagewith a smoothed ‘distance functio® whose slope
dD/dy is 1 at the wall and 0 at the centerline (i.e., using, in the Fares and Schrdder notation, a moimzerder to remove
the singularity in the slope at the midpoint between two plane walls). We approximate=ttHesolution to the elliptic partial
differential equation foD (see their Fig. 2), by replacingy in the SA destruction term witlh = (2h/7) sin(r yw/2h). This
results in essentially no change to the individual terms in the SA budget in Fig. 7(a), but does lead to a sizeable redgction in
(~ D - destructioft/?) in the outer layer (the chain-dot curve in Fig. 7(b)). This in turn somewhat improves the prediction of all
of the quantities listed in Table 1. For exampi&/ becomes 21 (compared t0.017) anduef is now Q0355 (instead of
0.0399) — both closer to the DNS values o129 and 00305, respectively.

Fig. 8 illustrates the behaviour of terms involved in the LS eddy-viscosity, givenhy: Cufﬂkz/é, where f;, =
exp(—3.4/(1 + Rer/50)) is the LS damping function, with Re= k2/év, and C;, = 0.09. The LS dissipation variable
is the difference between the actual dissipatiandeg = 2v(8k1/2/ay)2; sincegg ande are equal at the walk, goes to zero
there (see dotted curve in Fig. 8(a)). The agreement between the LS solutiénarfde in Fig. 8(a) and the corresponding
quantities from the DNS (solid curves) is not especially good. The model’s damping function (Fig. 8(b)) is also significantly
different from that deduced from the DNS. Thg f;, profile used by the LS solution (chain-dotted curve) is much larger near
the wall than the ratio of the DNS variables/v’/(dii/dy)/{k?/[e — 2v(3k1/2/3y)2]} (solid curve). The difference is even
greater when the LS dampir@, f,,(rer) is evaluated using the Re= k2 /v distribution from the DNS (dashed curve). When
viewed in light of thevT and¢ results presented above, this implies that the diminished béalentioned earlier, which occurs
nearyy = 0.055:, y= = 22) predicted by LS is not due to excess dampingfhy(cf. [25]) — since the model damping goes
to zero asyw — 0 much slower than the DNS profile does — but rather to the spurious extra dissipation just above the wall
observed in Fig. 8(a) (see also Fig. 9(a)). However, as we have already seen from Fig. 5(b), despite these formal inconsistencies
reasonable near-wall values of are obtained from thé, ¢ and f,, solutions given by LS for the stationary channel flow (we
shall find below however that this is not the case for the strained flow). In fact, some two-equation modellers prefer ndt to view
as the actual turbulence kinetic enefgyut solely as a dependent variable used to set the velocity scaleiin themula. This
perspective is validated by the good agreement between the production ternt inShaodel equation and thebudget from
the DNS, which are compared in Fig. 9(a) — especially when the large discrepancies between the model and the DNS for both
the transport and dissipation terms are taken into account.
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Fig. 8. (a) Dissipation rate profiles for LS atAyot =0: ---, &; ———, ¢; —, & ande from DNS. (b) Eddy-viscosity damping for LS at
Agot = 0: —, vT&/k? from DNS; - --,C,, exp(—3.4/(1 + Rer/50)2), using Re = k2/&v from DNS; —- —, C, exp(—3.4/(1 + Rer/50)2),

using Re = k2/&v from k andZ predicted by LS. The LS variable= ¢ — g with g = 2v(3kY/2/3y)2.

3 This is the reason we have not explicitly compared the LS andi§8®files to the DNS.
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Fig. 9. DNS and modelled terms in turbulence kinetic energy budget for (a) LS and (b) S&hrat 0: ——, productionPkS; -,

dissipation—¢; - - -, diffusion T, + Dy + IT;.; —, DNS. See Fig. 3 caption for definition of budget terms. Curves normaliseﬁ@y/v.

The tendency for compensating errors to yield an accurate eddy viscosity from inaccurate constituents is also demonstrated
by the SST scheme, whose model-versus-DiN&idget comparison is shown in Fig. 9(b). Again we see the best agreement
occurs for the production term, with large differences in magnitude and shape near the wall for the diffusion and dissipation
profiles. Here both-t ande are modelled in terms of and the second variable (which can be interpreted as the inverse
timescale of the mixing process induced by the dominant eddies [10]),with k/w and e = B*kw (where g* = 0.09).

Although the representation efis rather poor, compared to the DNS, that for the (more important) production term is much
better, reflecting the quality of the mean velocity and shear stress predictions observed above.

3.2. Strained-channel flow

Our primary focus is the ability to capture APG effects, and in particular the time at which the wall sheargtchsmges
sign. Although thery, = 0 time is not related to a physical separation, in the sense of a flow departing from the surface at a
point in space, we assume that the ability of a model to capture the cumulative effect of the APG by accurately predicting this
time indicates its accuracy for attached and separated APG flows of engineering interest.

The skin-friction histories from the DNS and the four models are compared in Fig. 10. The DNS curve is an interpolant
through individual realizations [28,2], given by

tw (o) /tw(0) = eXp(coo) + c10° + c2 €Xple3o) Sin(cao), 3)

whereo = Aoot and(cq, 1, ¢2, €3, c4) = (—3.5433 —0.3127,2.9267, —29.5295 —3.3553. The wall-stress reversal occurs at
Aoot = 0.675. The estimated uncertainty in this valuebs% (see [28,2]).

The least complex model, BL, significantly under-predicts the separation time, gigiige 0.38. This improves somewhat
when the outer-layer formulation is adapted to the channel geometry and lpwbReincreasing the Clauser constant
from 0.0168 to 00286 (such that initiallyxeff ~ 0.305; see Fig. 5(b), Table 1), to the point that separation is delayed until
Aot = 0.45 (but still well before the DNS value of@75). Further improvement would result from otlagr hocmodifications
(we verified for example that decreasing the van Driest damping had the expected effect of delayipgithereversal, in
line with the Cebeci—Smith pressure-gradient correction4fdr[8,10]), but the rewards would be small in the current state
of CFD. For now we note that the behaviour of the BL model for the APG-strained channel is qualitatively the same as that
found in Menter's modeling study [3] of Driver's separation-bubble experiment [29], for which BL also predicted a premature
separation. This suggests that the DNS contains at least some of the difficulties with which models must deal in order to perform
well when applied to more complex aerodynamic flows. Curiously, shock-induced separation tends to occur too late with BL,
possibly distinguishing between gradual and steep pressure variations [30].

The well-known tendency for the LS model to delay separation or even miss it altogether (see [12] for example) is also
revealed in the present flow, by the chain-dotted curve in Fig. 10. Theglddes not become negative umipot ~ 1.1. (Other
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Fig. 10. DNS and model histories of wall shear stress, for(Be= 390 andA11 = — A2 = —0.31u (0)/ ~(0): -- -, Baldwin—-Lomax (BL);

---, Spalart-Allmaras (SA):-- —, Launder-Sharma— (LS); —-- —, Menter SST; —, interpolant of DNS results [2]. Vertical lines mark
times for which mean profiles are shown in Figs. 11-13.

Table 2

DNS and model predictions atyot = 0.365 [Uc = 0.694U¢(0); h = 1.44h(0)]

Case u2jU2 Um/Uc 8*/h H eff
DNS 0.00128 0.767 0.233 1.70 0.0230
BL 0.00013 0.770 0.230 1.80 0.0223
SA 0.00098 0.804 0.196 1.64 0.0292
LS 0.00168 0.791 0.210 1.67 0.0277
SST 0.00116 0.811 0.189 1.71 0.0383

Table 3
DNS (one sample) and model predictions Aiot = 0.77
[Uc =0.4650U¢(0); h = 2.151(0)]

Case u2 /U8 Um/Uc 8*/h H
DNS —0.0001 0.61 0.39 25
BL —0.00156 0.666 0.334 2.39
SA —0.00096 0.690 0.310 2.19
LS +0.00152 0.680 0.320 2.08
SST —0.00077 0.692 0.308 2.30

forms of thek— model [17,18] behave much differently, predicting both early and late separation.) We again take the similar
model behaviour for actual spatial APG boundary layers and the present flow as support for the relevance of the strained-channel
idealisation.

Of the four candidates, the best predictions of the= 0 time are given by the SAAor = 0.60) and especially the SST
(Aot = 0.64) models. It is interesting that the SST scheme does this well, despite the fact that the eddy-viscosity limiter
(a feature designed to increase the accuracy of separation predictions) has only a minimal effect during the APG strain; at no
time isvt < 0.92k /w. However, thé—w/k— blending function £4) becomes increasingly important with time, changing from
F1 =1 everywhere atiyot = 0 (purelyk—w) to a minimum of 0.55 (at the channel centerline)4ab = 0.77 (with the pure
k—w region limited toyy < 0.3k). While discussing thé—w» model we mention that a new version proposed by Wilcox [10]
(designed primarily to improve performance in free shear flows) also gives a reasepabl® value, of Ay»> = 0.55; the
version ofk—w incorporated into the SST scheme [16] yieltisor = 0.65 when acting alone (regardless of whether the grid-
independenty boundary condition of Wilcox [16], or that advocated by Menter [14], is used.) Another closure (results not
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shown) that performs well is the Johnson—-King half-equation model (for whick 0 at Aoor = 0.60) — even though, like
Cebeci—-Smith and BL, it assumes a full-wake external boundary-layer structure. The modified Gutesvsport model of
Secundov et al. [31] does even better [32], givingyehistory closer to the DNS than either SA or SST.

The ability of the four subject models to account for the influence of the APG upon first- and second-order statistics at
various wall-normal locations is revealed in Figs. 11-13. Mean velbgitgfiles are shown atioor = 0.365 and 077, and
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Fig. 11. DNS and model predictions of mean velocity in (a) inner and (b) outer scaligpat= 0.365:—, DNS;---, BL; ---, SA; —- —,
LS; —..—, SST. Shaded region in (a) indicates change of DNS from unstrained initial conditions, denoted by thin-solid (—) curve.
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Fig. 12. DNS and model predictions of (a) Reynolds shear stress and (b) eddy viscosity at 0.365: —, DNS;---, BL; ---, SA; —- —,
LS; —..—, SST. Straight-line segment in (b) denotgs= « ywu; from DNS (usingc = 0.41).

4 To facilitate comparison with spatial APG boundary layers, the mean velocities in Figs. 11 and 13, and Tables 2 and 3, are presented with
respect to the frame of reference attached to the moving channel walls, discussed above. Note the agrémeti/gf) between each of
the model predictions and the DNS, produced by the moving-wall boundary condition (2).
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Fig. 15. (a) Terms in SA budget dbyr = 0.365: — - — , production;— — — , destruction; - - , diffusion; —,37/9¢ (see Appendix). (b) Profiles
of vt at Apot = 0.365: —, DNS; ---, SAi—- —, SA with modified distance-to-walD = (2 /) sin(r yw/2h) in destruction term.

Reynolds shear stress and eddy viscosity profiled-at = 0.365. The shaded region in Fig. 11(a) illustrates the change of

the DNS velocity fromA ot = 0 to 0365 (see also [2]), implying that the strain induces a ‘general’ rather than a ‘progressive’
departure [33,34] from the logarithmic law of the wall — another indication of the challenge faced by RANS models applied
to this flow. None of the models achieve engineering accuradypat = 0.77; the velocity profiles suffer from excess eddy
viscosity near the centerline. Closer to the wall, the eddy viscosity for the DNS (and all but the BL model) also exceeds
the law-of-the-wall version of the mixing-length expressiemwu, (given by the straight solid line in Fig. 12(b)). This is in
contrast to the near-wall region for the unstrained case, whegge is everywhere an upper bound of (Fig. 5(b)). It is also
consistent with the (slight) downward shift in the log law observed in Spalart and Watmuff's APG flow [5] (since in an APG,
where—u’v/ /u? > 1 away from the wall, a decreaseuiri — and hence wit /dy™ — implies v /v must be greater thany ).

The maximum eddy viscosity from each of the schemes increases compared to its initial value although modestly, as it does
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Fig. 17. Terms in turbulence kinetic energy budget for (a) LS and (b) SS&.at = 0.365: ——, production Pks —+ Plj‘; -,

dissipation—e; -- -, diffusion T, + Dy + I1;; —, DNS. See Fig. 3 caption for definition of budget terms. Curves normaliselﬂ@/v.
g =dwexp(—Azz0)ur (0)/v.

in the DNS (cf. Figs. 5(b) and 12(b)), and in the DNS the effective Clauser coeffigignilecreases, fromes = 0.0305 at

Aot = 0 to aef = 0.023 atAoor = 0.365. The quantitative agreement of the models with the DNS is once again, however,
not particularly good. For example, although max from the BL solution is very close to that from the DNS, the profiles

are significantly different everywhere else. The correlation between the accuracyraf #h6 time and the magnitude of the
near-wallvt is apparent, with the expected early or late separation associated with too-low or too-high values, respectively. The
best overall prediction of theu’v’ profile is given by the SA and SST models, although both leave room for improvement.
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Baldwin—Lomax appears to be primarily a ‘victim’ of the van Driest damping. The breakdown of the mixing-length
hypothesis in the inertial layer (i.e., the assumption thag ~ «yw), and the large error associated with assumirg= 26, is
revealed in Fig. 14.

The terms in the SA budget are shown in Fig. 15(a). The production (proportiongl t63ii/dy) and thus—u’v') is
everywhere greater than the sum of the destruction and diffusion, causing net pasitji@x across the channel, as it
should. (Although less important than for ther = 0 flow, the finite f,, and its nonzero contribution to the destruction
term at the centerline is again evident.) As with the unstrained case, replagimgthe destruction term with the quarter-
sine approximation to the Fares—Schroder distance fun®@i@auses little change to its magnitude (which is proportional to
(vT/D)Z). Consequently, this again reduces and thereby improves the SA predictignimfthe outer layer — although the
improvement is smaller than for the steady/unstrained flow.

The LS diagnostics in Figs. 16 and 17(a) imply that the excess neapvptiediction (Fig. 12(b) inset) is due to tiig, f,
product in thevt = CMka2/§ formula being too large, since belowy = 0.17 the LSk variation (not shown) is less than
the Apot = 0.365 DNS result (Fig. 2(a)), and since the Edotted curve) is much larger than the corresponding DNS values
(Fig. 16(a)). (Thef,, damping also contributes to the too-la@evia theg production term.) From Fig. 16(b) we see tligf
would need to be reduced, arfg adjusted so that it approaches zero near the wall with a less steep slope, for LS to match the
DNS data.

The model-DNS mismatch in the production terms in Fig. 17 (a) and (b) is consistent with the over- and under-prediction
of the peak—u’v’ respectively given by LS and SST (Fig. 12(a)). However, as shown in Fig. 12(b), for the SST closure this is
not accompanied by a serious inaccuracy in the near-wall variatiop. of

4. Summary and conclusions

A temporally evolving strained plane-channel flow was used as an idealised turbulent APG boundary layer to test the
Baldwin—Lomax (BL), Spalart-Allmaras (SA), Launder—Sharma (LS) and Menter SST models, by comparing predictions
with direct numerical simulation (DNS) results. The strained-channel flow provides a nontrivial challenge to the models, and
produces behaviour similar to that found in actual spatial APG boundary layers. This agreement implies that the strained-
channel DNS captures at least the ‘first-order’ APG effects found in more complex cases. Given its simplicity (a mean flow
governed by an unsteady one-dimensional problem), and the detailed information (such as Reynolds-stress budgets) available
from the DNS, we expect that this flow will be useful for testing and development of aerospace turbulence models. The data
and modeling codes are available to any who may wish to use them.

The unstrained plane channel flow at;Re 390 was also examined. All four models give fairly accurate skin friction
values for this case, although their outer-layer profiles of eddy-viscesitparkedly deviate from the DNS data. For BL, the
approximately constantr associated with the wake component is too small, implying a significantly larger outer-layer Clauser
coefficienta is appropriate when two-layer algebraic models are applied to channel/duct flows. The toerlgigen by SA
in the outer layer can be alleviated by altering the destruction term, increasing its magnitude by replacing the distance to the
nearest wall with a generalised distance function that takes both walls into account. The major inaccuracy in the LS formation
of vt is excessive dissipation (rather than excessive wall damping, as previously suggested). However, despite this and other
inconsistencies between the DNS and the modeling assumptions, the errors compensate such that the LS representation of mean
velocity and shear stress (and therefore turbulence kinetic energy production) is good. The same is true for SST, in that its
production term is close to that from the DNS, despite large differences between the model and DNS profiles of the other terms
(diffusion and dissipation) in the energy budget.

The accuracy of the models is much more varied when applied to the unsteady strained-channel flow. The SA and SST
schemes give the best prediction of ‘separation’ (i.e., the time at which the wall-shear stress becomes negative), with the SST
value being within the estimated uncertainty of the DNS results. Both models also yield more accurate Reynolds-stress profiles
than BL and LS do, despite fairly large outer-layer deviations of eddy viscosity from the DNS benchmark. The models reveal
the same inconsistencies observed for the unstrained flow, which when the strain is applied become more pronounced. For
example, for SA, the outer-layef surplus can again be reduced by using a generalised nearest-wall distance function in the
destruction term, while for LS the dissipation is again too large and the eddy-viscosity dayfpagain falls to zero too
slowly approaching the wall. (The LS, is also too large.) Although the agreement with DNS for the production term is not
particularly good for either LS or SST (and reflects the quality of the Reynolds-stress prediction for each), it is much better than
that found for the dissipation and diffusion — another demonstration of how errors can compensate so that the net accuracy of a
model is not necessarily defined by the precision of its individual components.

Based on preliminary tests with the second-order stzesgdel [10], we anticipate that capturing this flow will also be well
within the capabilities of Reynolds-stress transport models, presumably because of their explicit treatment of the production
terms. Nevertheless, in light of the comparable SA and SST performance, and the extra complexity of the (two-equation) SST
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closure, a case could be made that the one-equation SA solution represents the optimal accuracy per unit cost for 2D APG
applications. (The lesser-known one-equation model of Gulyaev et al. also performs similarly well.) The degree to which these
findings are affected by Reynolds number and strength of the APG strain is at present unknown, and will be the topic of future
studies.
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Appendix. Model equationsfor APG strained-channel flow

For future reference, we consider the most general case produced by applying a steady uniform irrotational divergence-
free deformation to a parallel plane-channel flow, with nonzero streamwise acceleration/decelésgtiomall-normal
divergence/convergencty, and lateral convergence/divergentgs,

U [BU/ax 0 0 i|

CARF T

0 av/y 0
0 0 oW/oz

4)

where
Aji =A11+ A2+ Ass.

We assume thel»» component is orthogonal to the plane walls, and allow for the possibility that both the streainavise
spanwisew components of the mean velocity of the channel flow to which this strain is applied are nonzerow\@mand

either A11 or A3z are nonzero, this produces irrotational skewing, when viewed in a coordinate system aligned with the mean
velocity vector(iz, w); see [4] for details.

The mean momentum equations and the four eddy-viscosity closure schemes will be written in terms of a Lagrangian
coordinate system that deforms under the influence of the applied rate of wall-normaklistsain this system the independent
variables(n, 1) are given byy(y, t) = exp(—Az2t)y = b(¢)y andA(y, t) = t. (The streamwise and spanwise components of the
deforming coordinate need not be considered here, since we are only concerned with equations governing the mean statistics,
which vary only in the wall-normal direction and time.)

After making the eddy-viscosity assumption, thandw transport equations are respectively

i o, D dit
S b2(0) — =0 5
Y 12 + b7 ( )arl |:(V+VT)an] (%)
w _ 2 d ow
—=-A be(L)— — |, 6
o 33W + b( )8n [(V+VT) 3n] (6)

whereb(A) = exp(—Az21). The boundary conditions atg(n, 1) = Uw(A) andw(n, 1) = Ww(A) at n = +h(0), where the
streamwise and spanwise wall velocities are adjusted dynamically, based on the initial and current values of the mean centerline
velocity (Uc, We):

Uw() =Uc(A) — Uc(O)exp(A114) and  Ww (1) = We(h) — We(0) exp(Azah). ™

We invoke symmetry and solve Egs. (5) and (6), and the following model equations, betweeh (0) and 0, or equivalently,
in terms of the nearest-wall distangg = b(A) yw = b(A)|h(t) — y|, between the wall afyy = 0 and the channel centerline at
nw = h(0). In the half-channel domain, the boundary conditions are

i=Uy and w=Wy atgw=0;,  dii/dn=20w/dn=0 atyw=~h(0).

Details of the four eddy-viscosity models considered in this paper are listed below; they were solved using the finite-
difference scheme described in Section 2.1, for the 2D APG case, for whigk 0 andw = We = Wy, =0.

e Baldwin—Lomax (BL) (1978) algebraic model [9,10]:
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Eddy viscosity:
o w2 if 7w < nmax, ®)
aCepFyakeFkleb(w/mmax  if nw > nmax.
Auxiliary functions:
-\ 2 —\ 2
—2 2 ou 2 ow +/A+
b m(_) b m(_) R =K( ) 1-e
an 77 mix b()») [ ]
yh=" 2 = vb() . by = exp(—Axh),
vb(}) w
b(1) Fyake = Min[nmaxFmax. kanmax[(U + Wcz)l/z — (Uv% + Wv%)l/z]/Fmax],
6
K Fmax= maX @¢mix]., FK|eb—1/ 1+55<CKIebnn ) ]
max
wherenmax is nw at which Fmax is evaluated.
Constants:
Aar =26, k=04, «a=00168 Ccp=16, Ckep=03, Cyx=1
e Spalart—Allmaras (SA) (1994) one-equatippitransport model [11,12,10]:
Eddy viscosity:
VT =V fi1. ©)
Transport equation:
v Ph(n) 12 bz(k) av\ 2
——CblSV—Cwl[ ] fw + ( -I—v)— + Cp2| — . (20)
E) nw o an
Boundary conditions:
- v
v=0 atnyw=0; 8_=0 atnw = h(0).
n
Auxiliary functions:
~ b2(M)D o (0d\? 5 w2
§S=8+—F— 22 fv2, S=b"M)| =) +b°N) ) b(x) = exp(—A221),
niw an 817
3 ~
X X v
fo1=—"—"7" fr2=1——"7—, X=-,
s+ ’ 1+ xfu1 v
1+Cos ]1/ 6 6 552(0)
=g| —F%— , =r+Cwolr  —r), r==—-s=.
fw g[g6+ e, g wa(r® = 7) S
Constants:
Cp1=0.1355 o0=2/3, Cpp=0622 «x=041 Cy1=71,
C 1+C
Car= 2 + 22 3239 Cup=03 Cuz=2
K o
e Launder—Sharma (LS) (1974) low-Reynolds-number two-equatiermhodel [13,12,10]:
Eddy viscosity:
k2
VTZC,LLflL?' (11)

Transport equations:
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-\ 2 —\ 2
ok 2 au 2 ow 2 2 2 2 ad VT ok
— = b )| — b M| — 2(A A A - b (\)— — )= 12
I VT[ ()<3n> - ()(371) FAAL T A+ Ag) | e ()317 eyl (12)
= = -\ 2 —\2
0e & 2 u 2 Jw 2 2 2
a=c€1f1EuT[b (A)<£> +b (A)(a) +2(A71+ A5+ A%,)
. 5 9z
—ngfzf+E+b2(k)—[<v+v—T>—8]. (13)
k an ge ) on
Boundary conditions:
k -
k=F=0 atpw=0  X_2% _0 atny=h).
an  9n

Auxiliary functions:

92k 1/2\ 2 92\ 2
e=go+5, 50=2vb2(k)< ) E=2vab4(A)<—), b(X) = exp(—Agoh),
8172 87]2

fu=e 3Y/ RS0 p 1 51036 RE, Rer =k2/év.
Constants:
Cu=009, Co=144, Cop=192 op=1  o0c=13

Shear-Stress Transport (SST) two-equation model (Menter 1994) [14,12]:
Eddy viscosity:
k/w
~ maxl, 2 Fpjaio]
Transport equations:

VT (14)

-\ 2 —\ 2
ok 2 ou 2 Jw 2 2 2 2 0 N ok

_\ 2 —\2
Jw ~ 2 u 2 Jw 2 2 2

02

R 9 . ak d
—ﬁw2+b2(k)—[(v+ava)—w] 1201 - 2922 22
an an w

)%a—n (16)

Boundary conditions:

60vH2 (1 k
k=0 and w=7(2) atnw = 0; a—=a—w=0 atnw = h(0),
B1Ang an  on
whereg1 = 0.075 andAng is the distance from the wall to the first grid point, which must be less {fa@)v/ (i /9n)w
(see [12,10)).
Auxiliary functions:

2
Q2= bz(x)@—“) + bz(x)(aw
n

) ) b(L) = exp(—A221),

an
2 4
Fp =tanh{[max2¢1, ¢2)]“},  F1=tanh{([max1, ¢2). ¢3])"},
kY2p(5, 500vh2 (% 4o, kb2 (A 2 Ak d
= o Gr= o gy =22 l1'=max[ﬁbz(x)——”,10—20].
0.0%wnw oy Uniy w an an
Constants:

a1=031  B*=0.09.

Blending constants: .
The blending functiorf is used to determinéy, 6., 8, andy in (15) and (16), according to

¢ =F1¢1+ (L— F))g2  whered = (6. 6w, B. 7).
and¢, and¢, denote respectively the innér-{w) and¢- the outer f—) constants:
(0%1, 01, B1, y1) = (0.85,0.5,0.075 0.553 and (012,042, B2, y2) = (1, 0.856 0.0828 0.440).
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